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Abstract
In this work, applying the results offered by S. Ahmad and A.C. Lazer [On a property of nonautonomous
Lotka–Volterra competition model, Nonlinear Anal. 37 (1999) 603–611] and the recent work of R. Redheffer [Mean
values and the nonautonomous May–Leonald equations, Nonlinear Anal. Real World Appl. 4 (2003) 301–306] to
an nonautonomous Lotka–Volterra differential system with finite delays, we establish sufficient conditions for the
permanence of the system.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Consider the following nonautonomous Lotka–Volterra differential system with finite delays:

dxi(t)
dt
= xi (t)
{
ci(t)− ai(t)xi (t)−
n∑
j=1
m∑
l=0
ali j (t)x j (t − τl)
}
, t ≥ t0, 1 ≤ i ≤ n,
xi(t) = φi(t) ≥ 0, t ≤ t0, and φi(t0) > 0, 1 ≤ i ≤ n,
(1.1)
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where we assume that each φi (t) is a continuous function for t ≤ t0, each ci(t), ai (t) and ali j (t) are
bounded continuous functions on [t0,+∞),
ai(t) > 0, ali j (t) ≥ 0, 1 ≤ i ≤ j ≤ n, 0 ≤ l ≤ m, and each τl ≥ 0. (1.2)
For a continuous function on [t0,+∞), put

cL = inf
t≥t0
c(t), cM = sup
t≥t0
c(t),
m[c] = lim
t→∞ inf
{
1
t2 − t1
∫ t2
t1
c(s)ds | t0 ≤ t1 < t2 and t2 − t1 ≥ t
}
, and
M[c] = lim
t→∞ sup
{
1
t2 − t1
∫ t2
t1
c(s) ds | t0 ≤ t1 < t2 and t2 − t1 ≥ t
}
, 1 ≤ i ≤ n.
(1.3)
Note that cL ≤ m[c] ≤ M[c] ≤ cM , 1 ≤ i ≤ n.
For the nonautonomous Lotka–Volterra competition model, there are well known results for the global
asymptotic stability (see, for example, Tineo and Alvarez [1], Redheffer [2,3] and Ahmad and Lazer [4,
5]) which are outgrowths of an earlier investigation of Gopalsamy [6,7]. For the more general case with
delays, see Muroya [8].
On the other hand, Ahmad and Lazer [9] gave a sufficient condition for the permanence of the system.
This condition does not imply the global asymptotic stability of positive solutions, because Redheffer [3]
has given a construction of such a system for which there are two distinct periodic solutions with positive
components.
In this work we extend conditions for the permanence offered in Ahmad and Lazer [9] to more general
models governed by a nonautonomous Lotka–Volterra system (1.1).
Assume that∫ ∞
t0
ai (t) dt = +∞,
(
c¯i(t)
ai(t)
)
M
< +∞,
(
ci (t)
ai (t)
)
L
> 0, 1 ≤ i ≤ n, (1.4)
where
c¯1(t) = c1(t), c¯i (t) = ci (t)−
i−1∑
j=1
m∑
l=0
min(ali j (t), 0)
(
c¯ j (t)
a j (t)
)
M
, 2 ≤ i ≤ n, (1.5)
and for 1 ≤ i ≤ n,
ci (t) = ci(t)−
i−1∑
j=1
m∑
l=0
min(ali j (t), 0)
(
c j (t)
a j (t)
)
L
−
n∑
j=1
m∑
l=0
max(ali j (t), 0)
(
c¯ j (t)
a j (t)
)
M
. (1.6)
Now, extending results in Ahmad and Lazer [9] to system (1.1), we establish conditions for the
permanence.
Theorem 1.1. For system (1.1), assume (1.2) and (1.4). Then, system (1.1) is permanent, that is, for any
solutions xi (t), 1 ≤ i ≤ n of system (1.1),
lim sup
t→∞
xi(t) ≤
(
c¯i(t)
ai (t)
)
M
< +∞ and lim inf
t→∞ xi (t) ≥
(
ci(t)
ai (t)
)
L
> 0. (1.7)
Note that in (1.7), condition (1.2) admits cases where a0i j (t) < 0 for 1 ≤ j < i ≤ n (cf. Ahmad and
Lazer [9]).
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The organization of this work is as follows. In Section 2, using techniques similar to those in Ahmad
and Lazer [9], we prove Theorem 1.1.
2. Permanence of one-dimensional model and its application
In this section, we first consider conditions for the permanence of a one-dimensional model governed
by a nonautonomous logistic delay differential equation. We have a lemma (see Muroya [8, Lemma 2.1]).
Lemma 2.1. For the system (1.1) and 1 ≤ i ≤ n,
xi (t) = xi(t0) exp
(∫ t
t0
{
ci (s)−
n∑
j=1
m∑
l=0
ali j (s)x j (s − τl)
}
ds
)
, t ≥ t0, (2.1)
and every solution xi (t), 1 ≤ i ≤ n, exists and remains positive for all t ≥ t0.
We offer the following basic lemma (cf. Redheffer [10, Theorem 1 and pp. 309–310], the proofs of
Redheffer [11, Theorems 1 and 2] and Muroya [12, Lemma 2.3]).
Lemma 2.2. For t ≥ t0, assume that
c(t) ≤ c¯(t), 0 < σ(t) ≤ σ¯ (t), and b¯l(t) ≥ 0, for t ≥ t0, (2.2)
and
x(t)
{
c(t)− σ¯ (t)x(t) −
m∑
l=0
b¯l(t)x(t − τl)
}
≤ x ′(t) ≤ x(t){c¯(t)− σ(t)x(t)}, t ≥ t0.
(2.3)
Suppose that there exist constants a > 0 and A such that∫ t
s
{c¯(τ )− σ(τ )a} dτ ≤ A, for t0 ≤ s ≤ t. (2.4)
Then, for any solution x(t) of (2.3), lim supt→∞ x(t) < +∞.
In particular, if limt→∞
∫ t
t0
σ(τ ) dτ = +∞, then lim supt→∞ x(t) ≤ aeA < +∞.
Moreover, suppose that there exist constants b > 0 and B such that∫ t
s
{c(τ )− ρ¯(τ )b} dτ ≥ −B, for t0 ≤ s ≤ t, (2.5)
where
ρ¯(t) = σ¯ (t)+
m∑
l=0
b¯l(t), t ≥ t0. (2.6)
Then, for any solution x(t) of (2.3), lim inft→∞ x(t) > 0.
In particular, if limt→∞
∫ t
t0
ρ¯(τ ) dτ = +∞, then lim inft→∞ x(t) ≥ be−B¯ > 0, where
τ¯ = max
0≤l≤m
τl, and B¯ = B +
(
m∑
l=0
(b¯l)M
)
aτ¯eA. (2.7)
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Proof. Assume (2.4). Suppose that x(t) > max(a, x(t0)), for some t ≥ t0. Then, by the continuity
of x(t) at [t0, t], there exists an s ≥ t0 such that x(τ ) > x(s) = max(a, x(t0)) ≥ a,
for any s < τ ≤ t . Therefore by Lemma 2.1, we have that x(t) ≤ x(s) exp{∫ ts (c¯(τ ) −
σ(τ )x(s)) dτ } ≤ max(a, x(t0)) exp(A) < +∞. Thus, lim supt→∞ x(t) < +∞. In particular, assume
limt→∞
∫ t
t0
σ(τ ) dτ = +∞. Suppose that for this a and any positive constant , there exists a constant
t¯ ≥ t0 such that x(t) > a+, t ≥ t¯ . Then, we have that x(t) ≤ x(t¯) exp{
∫ t
t¯
{c¯(τ )−σ(τ )(a+)} dτ } ≤
x(t¯) exp(A − 
∫ t
t¯
σ (τ ) dτ ). Thus, limt→∞ x(t) = 0, which contradicts x(t) > a +  > 0, t ≥ t¯ .
Hence, for any positive constant , there exists a constant ˆ¯t ≥ t0 such that x(ˆ¯t) ≤ a +  and by
the above discussions, we have that for t ≥ ˆ¯t , x(t) ≤ x(ˆ¯t)eA ≤ (a + )eA, which implies that
lim supt→∞ x(t) ≤ aeA. Therefore, for any positive constant η, there exists a constant tη ≥ t0 + τ¯
such that x(t) ≤ aeA + η, t ≥ tη − τ¯ . Moreover, assume (2.5). Suppose that x(t) < min(b, x(tη)), for
some t ≥ tη. Then, by the continuity of x(t) at [tη, t], there exists an s ≥ tη such that x(τ ) < x(s) =
min(b, x(tη)) ≤ b, for any s < τ ≤ t . Therefore, x(τ−τl) < x(s), for min(s+τl, t) < τ ≤ t, 1 ≤ l ≤ m,
and by Lemma 2.1, we have that
x(t) ≥ x(s) exp
{∫ t
s
{c(τ )− ρ¯(τ )x(s)} dτ −
m∑
l=0
∫ min(s+τl ,t)
s
b¯l(τ )(x(τ − τl)− x(s)) dτ
}
≥ min(b, x(tη)) exp
{
−B −
(
m∑
l=0
(b¯l)M
)
(aeA + η)τ¯
}
> 0. Thus, lim inf
t→∞ x(t) > 0.
In particular, assume limt→∞
∫ t
t0
ρ¯(τ ) dτ = +∞. Suppose that for this b and any positive constant
 < b, there exists a constant t ≥ tη + τ¯ such that x(t) < b − , t ≥ t − τ¯ . Then, we
have that x(t) ≥ x(t) exp{
∫ t
t
{c(τ ) − ρ¯(τ )(b − )} dτ } ≥ x(t) exp{−B + 
∫ t
t
ρ¯(τ ) dτ }. Thus,
limt→∞ x(t) = +∞, which contradicts x(t) < b −  < +∞, t ≥ t . Hence, for any positive constant
 < b, there is a constant tˆ ≥ tη such that x(tˆ) ≥ b −  and by the above discussions, we have that
for t ≥ tˆ , x(t) ≥ x(tˆ) exp{−B − (
∑m
l=0(b¯l)M)(aeA + η)τ¯ + 
∫ t
t
ρ¯(τ ) dτ } ≥ (b − ) exp{−B −
(
∑m
l=0(b¯l)M)(aeA + η)τ¯ + 
∫ t
t
ρ¯(τ ) dτ }, which implies that lim inft→∞ x(t) ≥ be−B¯ . 
The following corollary gives sufficient conditions of permanence for any solution x(t) of (2.3) and
is useful for applications (cf. Ahmad and Lazer [9, Lemma 2.1 and Theorem 3.1]).
Corollary 2.1. If
0 <
(
c¯(t)
σ (t)
)
M
< +∞ and lim
t→∞
∫ t
t0
σ(τ ) dτ = +∞, (2.8)
then
lim sup
t→∞
x(t) ≤
(
c¯(t)
σ (t)
)
M
< +∞. (2.9)
Moreover, if(
c(t)
ρ¯(t)
)
L
> 0, (2.10)
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then
lim inf
t→∞ x(t) ≥
(
c(t)
σ¯ (t)
)
L
> 0. (2.11)
Proof. Assume (2.8). Then, for a = ( c¯(t)
σ (t) )M and A = 0, by Cauchy’s averaging theorem, we have that∫ t
s {c¯(τ )− σ(τ )a} dτ =
∫ t
s σ(τ ) dτ (
∫ t
s c¯(τ ) dτ/
∫ t
s σ(τ ) dτ − a) ≤
∫ t
s σ(τ ) dτ ((
c¯(t)
σ(t) )M − a) = 0. More-
over, assume (2.10). Then, for b = ( c(t)
ρ¯(t) )L and B = 0, by Cauchy’s averaging theorem, we have that∫ t
s
{c(τ )− ρ¯(τ )b} dτ =
∫ t
s
ρ¯(τ ) dτ
(∫ t
s
{c(τ ) dτ
/∫ t
s
ρ¯(τ ) dτ − b
)
≥
∫ t
s
ρ¯(τ ) dτ
((
c(t)
ρ¯(t)
)
L
− b
)
= 0.
Hence, by Lemma 2.2, we obtain (2.9) and (2.11). 
Using averaged conditions offered by Ahmad and Lazer [4,5], we also establish a sufficient condition
for (2.4) and (2.5) in Lemma 2.2.
Corollary 2.2. If
M[c¯] < +∞ and m[σ ] > 0, (2.12)
then (2.4) is satisfied. If
m[c] > 0 and M[ρ¯] < +∞, (2.13)
then (2.5) is satisfied.
Proof. Assume (2.12). For a positive constant a such that a > M[c¯]/m[σ ], set a positive constant  such
that M[c¯] − m[σ ]a < −(1 + a). Then, by definition, for this  > 0, there is a positive constant t¯ such
that
M[c¯] ≤ sup
{
1
t − s
∫ t
s
c¯(τ ) dτ | t0 ≤ s < t and t − s ≥ t¯
}
< M[c¯] + ,
m[σ ] ≥ inf
{
1
t − s
∫ t
s
σ(τ ) dτ | t0 ≤ s < t and t − s ≥ t¯
}
> m[σ ] − .
Therefore, we have that for t0 ≤ s < t and t¯ ≤ t − s,∫ t
s
c¯(τ ) dτ −
(∫ t
s
σ(τ ) dτ
)
a
= (t − s)
{(
1
t − s
∫ t
s
c¯(τ ) dτ − (M[c¯] + )
)
−
(
1
t − s
∫ t
s
σ(τ ) dτ − (m[σ ] − )
)
a
}
+ (t − s){M[c¯] − m[σ ]a + (1 + a)}
< (t − s){M[c¯] − m[σ ]a + (1 + a)} < 0.
On the other hand, by the assumptions of the boundedness of each ci(t) and ali j (t), we have that for
t0 ≤ s < t and t − s < t¯ ,
∫ t
s c¯(τ ) dτ − (
∫ t
s σ(τ ) dτ )a < +∞. Thus, (2.4) holds.
Similarly, we obtain that if (2.13) holds, then (2.5) holds. 
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Proof of Theorem 1.1. By assumption, we have that for t ≥ t0,
x1(t)
{
c1(t)− a1(t)x1(t)−
m∑
l=0
al11(t)x1(t − τl)
}
≤ x ′1(t) ≤ x1(t){c¯1(t)− a1(t)x1(t)}.
Thus, by (1.4) and Corollary 2.1, we obtain that lim supt→∞ x1(t) ≤ ( c¯1(t)a1(t) )M < +∞ and
lim inft→∞ x1(t) ≥ ( c1(t)a1(t) )L > 0. Using similar arguments for i = 2, 3, . . . , n, from
xi(t)
{
ci(t)− ai(t)xi (t)−
m∑
l=0
alii (t)xi (t − τl)
}
≤ x ′i(t) ≤ xi(t){c¯i (t)− ai (t)xi (t)},
we can get that lim supt→∞ xi (t) ≤ ( c¯i (t)ai (t) )M < +∞ and lim inft→∞ xi(t) ≥ (
ci (t)
ai (t)
)L > 0. Therefore, the
proof of (1.7) follows inductively for i = 1, 2, . . . , n from (1.4) and Corollary 2.1. Hence, Theorem 1.1
is proved. 
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